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Abstract
By means of critical point theory and some analysis methods, the existence of
homoclinic solutions for the p-Laplacian system with delay, ddt [|u′(t)|p–2u′(t)] =∇xG(t,u(t),u(t + τ )) +∇yG(t – τ ,u(t – τ ),u(t)) + e(t), is investigated. Some new results
are obtained. The interesting thing is that the function G(t, x, y) is only required to
satisfy a local condition. Furthermore, the results are all explicitly related to the value
of delay τ .
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1 Introduction
In the past years, the existence of homoclinic solutions to some second-order ordinary
diﬀerential systems has been extensively investigated because of its background in applied
science (see [–] and the references cited therein). For example, in [], XH Tan and Li
Xiao studied the existence of homoclinic solutions to the p-Laplacian system
d
dt
[∣∣u′(t)∣∣p–u′(t)] =∇F(t,u(t)) + f (t), (.)
where p >  is a constant. The following theorem was obtained.
Theorem . (See []) Assume that F and f satisfy the following conditions:
(B) F ∈ C(R× Rn,R) is T-periodic with respect to t, T >  is a constant;
(B) There are constants b >  and μ >  such that for all (t,x) ∈ [,T]× Rn
F(t,x)≥ F(t, ) + b|x|μ;
(B) f ≡  is a continuous and bounded function such that
∫
R |f (t)|μ/(μ–) dt < +∞.
Then (.) possesses a homoclinic solution.
From the proof of Theorem . in [], we see that assumption (B) is crucial for obtaining
the existence of a homoclinic solution for (.).
©2014 Lu and Lu; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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However, few papers investigated the existence of homoclinic solutions to functional
diﬀerential equations [–]. In [], the authors studied the existence of homoclinic solu-
tions to the following functional diﬀerential equation:
q′′(t – τ ) + f
(
t,q(t),q(t – τ ),q(t – τ )
)
= , (.)
where τ >  is a constant, t ∈ R, q ∈ Rn, f (t,u,u,u) ∈ C(R×Rn ×Rn ×Rn,Rn) and being
τ -periodic in t. Under












t,q(t),q(t – τ ),q(t – τ )
)
;
[H] there is a e ∈ Rn with e =  such that
F = lim sup
|v|→∞
F(t, v, v) <  for all t ∈ R
and some other conditions, they obtained the result that (.) possesses a nontrivial
homoclinic orbit.
In this paper, we investigate further the existence of homoclinic solutions for a second-
order p-Laplacian functional diﬀerential system as follows:
d
dt
[∣∣u′(t)∣∣p–u′(t)] =∇xG(t,u(t),u(t + τ )) +∇yG(t – τ ,u(t – τ ),u(t)) + e(t), (.)
where u(t) = (u(t),u(t), . . . ,un(t))
 ∈ Rn, t ∈ R, G ∈ C(R× Rn × Rn,R) and is T-periodic
in t, ∇xG(t,x, y) = ∂G(t,x,y)∂x , ∇yG(t,x, y) = ∂G(t,x,y)∂y , e ∈ C(R,Rn), τ ,T >  and p >  are con-
stants. The interesting thing of this paper is that the period T of function f (t,u,u,u)
with respect to the variable t may not be equal to τ , and the main results are all expres-
sively related to the value of delay τ . Furthermore, even if for the case of τ = , we do not
require condition (B) for guaranteeing the coercive potential condition.
As is well known, a solution u(t) of (.) is named homoclinic (to ) if u(t) →  and
u′(t)→  as |t| → +∞. In addition, if u ≡ , then u is called a nontrivial homoclinic solu-
tion.
Motivated by the idea in the work of PH Rabinowitz in [], Marek Izydorek, Joanna
Janczewska in [] and XH Tan, Li Xiao in [], the existence of a homoclinic solution for




[∣∣u′(t)∣∣p–u′(t)] =∇xG(t,u(t),u(t + τ )) +∇yG(t – τ ,u(t – τ ),u(t)) + ek(t), (.)
where k ∈ N, ek : R → Rn is a kT-periodic extension of restriction of e to the interval
[–kT ,kT]. We obtain the following theorem.
Theorem . Assume that G and e satisfy the following conditions:
(C) ∇xG(t, , ) +∇yG(t – τ , , ) =  for all t ∈ R;
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(C) there are constants b > , bi ≥  (i = , , ), μ > , and  < λ < p such that
G(t,x, y)≥G(t, , ) + b|x|μ – b|y|μ – b|x – y|p
– b|x – y|λ
(|x| (p–λ)μp + |y| (p–λ)μp )
for all (t,x, y) ∈ R× Rn × Rn with |x| ≤ ρ, |y| ≤ ρ;
or
G(t,x, y)≥G(t, , ) + b|y|μ – b|x|μ – b|x – y|p
– b|x – y|λ
(|x| (p–λ)μp + |y| (p–λ)μp )
for all (t,x, y) ∈ R× Rn × Rn with |x| ≤ ρ, |y| ≤ ρ,




μ + T(p–)p ;






Then (.) possesses a nontrivial homoclinic solution, if








p – bλp τ
λ, 
(































cj|x|mj – b|x – y|p – b|x – y|λ
(|x| (p–λ)μp + |y| (p–λ)μp )
for all (t,x, y) ∈ R× Rn × Rn; (.)
or




cj|y|mj – b|x – y|p – b|x – y|λ
(|x| (p–λ)μp + |y| (p–λ)μp )
for all (t,x, y) ∈ R× Rn × Rn, (.)
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where bi > , i = , , . . . , , cj > , andmj > μ > , j = , , . . . , l, are all constants. If there is a




μ + T(p–)p such that
δ := b –
l∑
j=
cjρmj–μ > , (.)
then from (.), one can easily ﬁnd
G(t,x, y)≥G(t, , ) + δ|x|μ – b|y|μ – b|x – y|p – b|x – y|λ
(|x| (p–λ)μp + |y| (p–λ)μp )
for all (t,x, y) ∈ R× Rn × Rn with |x| ≤ ρ, |y| ≤ ρ;
and from (.), we have
G(t,x, y)≥G(t, , ) + δ|y|μ – b|x|μ – b|x – y|p – b|x – y|λ
(|x| (p–λ)μp + |y| (p–λ)μp )
for all (t,x, y) ∈ R× Rn × Rn with |x| ≤ ρ, |y| ≤ ρ.
So by using Theorem ., we have the following result.
Corollary . Assume that assumption (C), assumption (C), condition (.) (or condition
(.)) and condition (.) hold. Then (.) possesses a nontrivial homoclinic solution, if








p – bλp τ
λ, 
(


























Remark . If b > b, and assumptions (C)-(C) are satisﬁed, then for suﬃciently small
τ >  and suﬃciently large ρ > , we see that condition (.) is satisﬁed. So by using Theo-
rem ., we see that (.) possesses a nontrivial homoclinic solution. Furthermore, if τ = ,
then (.) is converted to
d
dt
[∣∣u′(t)∣∣p–u′(t)] =∇H(t,u(t)) + e(t),
where H(t,u(t)) =G(t,u(t),u(t)), and from (.) or (.), we see that the function H(t,x) is
allowed to be
H(t,x) –H(t, ) =G(t,x,x) –G(t, , )→ –∞ as |x| → +∞,
which implies condition (B) for guaranteeing the coercive potential does not hold
for (.). Moreover, we do not require that G(t,x, y) is τ -periodic function with respect
to t, which is required by [], and local condition (C) is essentially diﬀerent from as-
sumption [H] in [].
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If μ in assumption (C) is the case μ = p, then we have further the following result.
Theorem . Assume that assumption (C) in Theorem . is satisﬁed together with the
following conditions:
(D) there are constants ρ > , b > , bi >  (i = , , ), μ >  and  < λ < p such that for
all (t,x, y) ∈ R× Rn × Rn with |x| ≤ ρ , |y| ≤ ρ ,
G(t,x, y) ≥ G(t, , ) + b|x|p – b|y|p – b|x – y|p
– b|x – y|λ
(|x|(p–λ) + |y|(p–λ))
or
G(t,x, y) ≥ G(t, , ) + b|y|p – b|x|p – b|x – y|p
– b|x – y|λ
(|x|(p–λ) + |y|(p–λ));






Then (.) possesses a nontrivial homoclinic solution, if








p – bλp τ
λ, 
(






















Suppose there are constants b > , bi >  (i = , , ), cj > , mj > p (j = , , . . . , l), μ > ,
and  < λ < p such that for all (t,x, y) ∈ R× Rn × Rn,




cj|x|mj – b|x – y|p – b|x – y|λ
(|x|(p–λ) + |y|(p–λ)) (.)
or




cj|y|mj – b|x – y|p – b|x – y|λ
(|x|(p–λ) + |y|(p–λ)). (.)
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If there is a constant ρ >  such that
δ := b –
l∑
j=
cjρmj–p > , (.)
then for all (t,x, y) ∈ R× Rn × Rn with |x| ≤ ρ , |y| ≤ ρ ,
G(t,x, y)≥G(t, , ) + δ|x|p – b|y|p – b|x – y|p – b|x – y|λ
(|x|(p–λ) + |y|(p–λ))
or
G(t,x, y)≥G(t, , ) + δ|y|p – b|x|p – b|x – y|p – b|x – y|λ
(|x|(p–λ) + |y|(p–λ)).
So by using Theorem ., we have the following result.
Corollary . Assume that assumption (C) in Theorem ., assumption (D) in Theo-
rem ., condition (.) (or condition (.)) and condition (.) hold. Then (.) possesses
a nontrivial homoclinic solution, if








p – bλp τ
λ, 
(






















where δ is determined in (.).
2 Preliminaries
Throughout this paper, (·, ·) : Rn×Rn → R denotes the standard inner product in Rn and | · |
is the induced norm. For each k ∈ N, Ek =W ,pkT (R,Rn) denotes the Banach space of kT-














and L∞kT (R,Rn) denotes the Banach space of kT-periodic essentially boundedmeasurable
functions from R to Rn with the norm
‖u‖∞ = ess sup
{∣∣u(t)∣∣ : t ∈ [–kT ,kT]}.
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Lemma . [, ] Let x ∈ C(R,Rn) with | ddt [|x′(t)|p–x′(t)]| ≤ R and
∫ +∞
–∞ |x′(s)|σ ds≤ R,
where R, R, and σ are positive constants. Then x′(t)→  as t → ±∞.
Lemma. [] Let n > ,ω >  and β ∈ [, +∞) be constants, s ∈ C(R,R)with s(t) ∈ [,β)
or s(t) ∈ (–β , ]. Then for each x ∈ C(R,Rn) with x(t +ω)≡ x(t), we have
∫ ω





Lemma . [] If q : R → Rn is continuous diﬀerential on R, a > , μ >  and p >  are












Lemma . [] Let X be a real reﬂexive Banach space and 
 ⊂ X be a bounded convex
closed subset of X. Suppose that ϕ : X → R is a lower weakly semi-continuous functional. If
there exists a point x ∈ 
 \ ∂
 such that
ϕ(x) > ϕ(x), ∀x ∈ ∂
,










In order to investigate the existence of homoclinic solutions to (.), we should study
the existence of kT-periodic solutions to (.) for each k ∈N in the ﬁrst case.
Lemma . Assume that the functions G and e satisfy conditions (C)-(C), and also con-
dition (.) holds. Then for each k ∈ N, (.) possesses a kT-periodic solution uk(t) such
that
‖uk‖μ ≤ A and
∥∥u′k∥∥p ≤ A, (.)
where A and A are constants independent of k.






∣∣u′(t)∣∣p +G(t,u(t),u(t + τ )) + (ek(t),u(t))
]
dt.





[(∣∣u′(t)∣∣p–u′(t), v′(t)) + (∇xG(t,u(t),u(t + τ )), v(t))
+
(∇yG(t,u(t),u(t + τ )), v(t + τ )) + (ek(t), v(t))]dt, ∀v ∈ Ek . (.)




–kT (∇yG(t,u(t),u(t+τ )), v(t+τ ))dt =
∫ kT





[(∣∣u′(t)∣∣p–u′(t), v′(t)) + (∇xG(t,u(t),u(t + τ )), v(t))
+
(∇yG(t – τ ,u(t – τ ),u(t)), v(t)) + (ek(t), v(t))]dt, ∀v ∈ Ek .
So if u ∈ Ek is a critical point of ϕk , then u must be a kT-periodic solution to (.). Thus,
we should prove that ϕk possesses a critical point. In order to do it, let C =
∫ T
 G(t, , )dt
and 
 = {x ∈ Ek :
∫ kT
–kT |u′(t)|p dt +
∫ kT











ρ >  is a constant deﬁned by assumption (C). From [], we see 
 is a closed bounded
convex subset of Ek . Now, for using Lemma ., we should prove that for each k ∈N,
ϕk(u) > ϕk(), ∀u ∈ ∂
.
If u ∈ ∂




















∣∣u(s)∣∣μ ds + p
∫ kT
–kT
∣∣u′(s)∣∣p ds + μ – 
μ









T –μ + (p – )Tp .
Substituting ρ in (.) into the above formula,
‖u‖L∞kT ≤ ρ, ∀u ∈ ∂
.
So, for all u ∈ ∂














∣∣u′(t)∣∣p +G(t, , ) + b∣∣u(t)∣∣μ – b∣∣u(t + τ )∣∣μ – b∣∣u(t) – u(t + τ )∣∣p
– b














∣∣u(t) – u(t + τ )∣∣p dt – b
∫ kT
–kT




∣∣u(t – τ ) – u(t)∣∣λ∣∣u(t)∣∣ (p–λ)μp dt. (.)
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By using the Hölder inequality and Lemma .,
∫ kT
–kT























∣∣u(t + τ ) – u(t)∣∣p dt ≤ τ p∥∥u′∥∥p. (.)
















































p – bλp τ
λ, 
(













By using the inequality (see [])
B
 x





, ∀x ∈ [, +∞),





p – bλp τ
λ, 
(























p – bλp τ
λ, 
(


























which together with (.) yields
ϕk(u) > kC = ϕk() for all u ∈ ∂
. (.)















In view of 
 being an open subset of Ek , we see from Theorem . in [] that
ϕ′k(uk) = ;

















The proof is complete. 
Lemma . Assume that assumption (C) of Theorem ., assumptions (D)-(D) of The-
orem . and condition (.) hold. Then for each k ∈ N, (.) possesses a kT-periodic so-
lution uk ∈ Ek such that
‖uk‖Ek < ρ
(
T –q + T
)– q , (.)
where ρ >  is a constant determined by (D) and (.). Clearly, ρ is independent of k.
Proof Let  := {x ∈ Ek : ‖x‖Ek ≤ ρ(T –q + T)–

q }. Clearly,  is a bounded closed convex
subset of Ek . Similar to the proof of Lemma ., it suﬃces to show that for each k ∈N,
ϕk(u) > ϕk(), ∀u ∈ ∂.
If u ∈ ∂, then ‖u‖Ek = ρ(T –q + T)–

q . So by using Lemma ., we have
‖u‖L∞KT ≤
(








T –q + T
)– q = ρ. (.)
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Furthermore, for all u ∈ ∂, by using assumptions (D) and (D), and arguing in a similar














∣∣u′(t)∣∣p +G(t, , ) + (b – b)∣∣u(t)∣∣p – b∣∣u(t) – u(t + τ )∣∣p
– b






























p – bλp τ
λ, 
(





















p – bλp τ
λ, 
(






















which together with (.) yields
ϕk(u) > kC = ϕk() for all u ∈ ∂.
The proof is complete. 
Lemma . [] Let uk ∈ Ek be the kT-periodic solution to (.) that satisﬁes (.) for
each k ∈ N. Then there exists a subsequence {ukj} of {uk} convergent to a u ∈ C(R,Rn)
in Cloc(R,Rn).
3 Proof of main result
Proof of Theorem . Firstly, we will prove that u(t), which is determined by Lemma .,












t – τ ,ukj (t – τ ),ukj (t)
)
+ ekj (t), j ∈N. (.)
Take a,b ∈ R with a < b, then there must be a positive integer j such that for j > j,
[–kjT ,kjT] ⊃ [a – τ ,b + τ ]. So for j > j, ekj (t) = e(t) for all t ∈ [a – τ ,b + τ ], and then














t – τ ,ukj (t – τ ),ukj (t)
)
+ e(t), t ∈ [a,b], j > j.
Thus, by using Lemma ., ddt [|u′kj (t)|p–u′kj (t)]→ w(t) uniformly for t ∈ [a,b], where
w(t) =∇xG
(




t – τ ,u(t – τ ),u(t)
)
+ e(t).
Since |u′kj (t)|p–u′kj (t) → |u′(t)|p–u′(t) for t ∈ [a,b] and ddt (|u′kj (t)|p–u′kj (t)) is continuous
diﬀerential of |u′kj (t)|p–u′kj (t) on (a,b) for every j > j, it follows that w(t) =
d
dt [|u′(t)|p–u′(t)] on (a,b). In view of a,b ∈ R being arbitrary with a < b, w(t) =
d
dt [|u′(t)|p–u′(t)], t ∈ R, that is, u(t), t ∈ R is a solution to (.).












(∣∣ukj (t)∣∣μ + ∣∣u′kj (t)
∣∣p)dt,
clearly, for every i ∈N if kj > i, by (.),
∫ iT
–iT




(∣∣ukj (t)∣∣μ + ∣∣u′kj (t)
∣∣p)dt
≤ Aμ +Ap .
Let i→ +∞ and j→ +∞, respectively, we have
∫ +∞
–∞




∣∣u(t)∣∣μ dt → ,
∫
|t|≥r
∣∣u′(t)∣∣p dt →  as r → +∞.











→ , as |t| → +∞. (.)
Thus, ‖u‖∞ ≤ ρ < +∞, which, together with the fact that u(t) is a solution of (.), i.e.,
d
dt
[∣∣u′(t)∣∣p–u′(t)] =∇xG(t,u(t),u(t + τ )) +∇yG(t – τ ,u(t – τ ),u(t)) + e(t),






∣∣∇xG(t,x, y) +∇yG(t – τ ,x, y)∣∣ + sup
t∈R
∣∣e(t)∣∣
:= R < +∞.
Furthermore, from (.),
∫ +∞
–∞ |u′(t)|p dt ≤ Aμ + Ap ; and then by using Lemma ., we
have
∣∣u′(t)∣∣→ , as |t| → +∞. (.)
Combining (.) and (.), we see u(t) is a homoclinic solution to (.). Clearly, u(t) ≡ ,
otherwise, by substituting u(t)≡  into (.), we have
∇xG(t, , ) +∇yG(t – τ , , )≡ e(t). (.)
By using assumption (C), we get∇xG(t, , )+∇yG(t–τ , , ) =  for all t ∈ R. So it follows
from (.) that e(t) ≡ , which contradicts the fact that e(t) ≡  in assumption (C). The
proof is complete. 
Since the proof of Theorem . works almost exactly as the proof of Theorem ., we
omit the proof of Theorem . here.
For example, consider the following equation:
u′′(t) = .u(t) – u(t) – u(t + τ ) + u(t)u(t + τ ) + u(t – τ )
– u(t)u(t – τ ) – u(t) + u(t + τ ) + u(t – τ ) + e(t), (.)
where x(t) ∈ R, e(t) = e
t

(et+e–t ) , and τ >  is a constant.
By calculating, we can chooseG(t,x, y) = x – y – x – (x– y) – (x– y)(x + y) + sin t
such that (.) is rewritten as
u′′(t) = ∂G(t,u(t),u(t + τ ))
∂x +
∂G(t – τ ,u(t – τ ),u(t))
∂y + e(t).
Corresponding to Theorem ., we see p = , T = π . So we can choose μ = , λ = ,















which implies that condition (C) holds. So we can choose ρ = . such that δ = b – ρ =
. > , and if τ >  is suﬃciently small, then










p – bλp τ
λ, 
(


























Thus, by using Corollary ., we see that (.) has a nontrivial homoclinic solution for
τ >  small enough.
Especially, if τ = , then (.) is converted to
u′′(t) = .u(t) – u(t) + e(t). (.)





Clearly, we can choose ρ = . such that all the conditions of Corollary . are satisﬁed.
So (.) has a nontrivial homoclinic solution.
Remark . From (.), we see that if set G(t,x,x) = F(t,x), then (.) is the special case
of (.) for τ = . Also, from (.), we see that
F(t,x) =G(t,x,x)→ –∞, as |x| → +∞,
which implies that the crucial assumption (B) for guaranteeing the coercive condition
in [] (see Theorem . in Section ) does not hold. So the results in present paper are
essentially new.
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